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This paper is concerned with the existence of solutions of a boundary value
problem for second-order functional differential equations. Specifically the follow-
ing problem is considered:
w xx0 t s f t , x , x9 t , t g 0, T , .  . .t
a x y a x9 0 s w g C .0 0 1 r
b x T q b x9 T s A g R n . .  .0 1
The results are based on a nonlinear alternative of Granas and the use of a priori
bounds on solutions. Some examples are also discussed to illustrate how these
results may be used to yield the existence of solutions of specific boundary value
problems. Q 1996 Academic Press, Inc.
1. INTRODUCTION
n < <Let R be the n-dimensional Euclidean space and let ? be any
convenient norm on R n. For a fixed r ) 0, we define
w x nC s C yr , 0 , R .r
w x nto be the Banach space of all continuous functions w : yr, 0 ª R
endowed with the sup-norm
5 5 < <w s sup w q : yr O q O 0 . 4 .wyr , 0x
w xFor any continuous function x defined on the interval yr, T , T ) 0,
w xand any t g 0, T , we denote by x an element of C defined byt r
w xx q s x t q q , yr O q O 0, t g 0, T . .  .t
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This paper is concerned with the existence of solutions of the following
 .boundary value problem BVP for short for functional differential equa-
tions
w xx0 t s f t , x , x9 t , t g 0, T , E .  .  . .t
a x y a x9 0 s w .0 0 1
b x T q b x9 T s A , BC .  .  .0 1
w x n nwhere f : 0, T = C = R ª R is a continuous function, w g C , A gr r
R n, and a , a , b , b are nonnegative real constants such that0 1 0 1
l s a b T q a b q a b / 0. 1.1 .0 0 0 1 1 0
The corresponding BVP for ordinary differential equations has been
w xstudied by many authors. See, for example, 1]4 and the references
therein.
At this point it is useful to make some remarks on the first condition of
 .BC . This condition is a generalization of the classical condition
a x 0 y a x9 0 s c .  .0 1
from ordinary differential equations. Here this condition connects the
 .history x with the single value x9 0 . This is suggested by the well-posed-0
 .  .ness of the BVP E - BC , since the function f depends on the term xt
 .i.e., past values of x , and, simultaneously, on the values of derivatives at
the present time.
In other words, this condition is a bilinear constraint from C = R nr
into C .r
 .  .By the term solution of the BVP E - BC , we mean a continuous
w x n w xfunction x: yr, T ª R which is twice differentiable on 0, T and
 . w x w xsatisfies Eq. E for t g 0, T , the first boundary condition for t g yr, 0 ,
and the second boundary condition for t s T.
The case where a s 0 must be treated separately, since in this case the0
 .  .BVP E - BC is not well posed. Indeed if a s 0 the first boundary0
condition yields
ya x9 0 s w , .1
n  .where now w must be a constant in R and a / 0, because of 1.1 . But1
 .  .then, the well posedness of the BVP E - BC obliges us to define a priori
the function x . For this reason, in the case where a s 0, we consider the0 0
 .  .next boundary conditions BC , instead of BC .0
x s x 0 .0
ya x9 0 s w BC .  . 01
b x T q b x9 T s A. .  .0 1
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w xThe key tool in our approach is the ``Leray]Schauder alternative'' 1 .
This method reduces the problem of existence of solutions of a BVP to the
establishment of suitable a priori bounds for solutions of these problems.
We notice that this method is a modification of the well-known ``topologi-
w xcal transversality method'' of Granas 1 .
For applications of the topological transversality method to boundary
value problems for ordinary differential equations we refer the reader to
w x w x3, 4 , whereas for differential equations with deviating arguments, to 5, 7
and the references given therein.
In Section 2 we extend the above-mentioned method of Granas to the
functional differential equations. We prove a basic existence theorem by
assuming a priori bounds on the solutions and their derivatives. For the
proof of this theorem we do not use the usual condition that f maps
w x n nbounded sets of 0, T = C = R into bounded sets of R . Here we willr
 .  .use only the continuity of f. This result for a special case of BVP E - BC
 . w xi.e., a s b s 1, a s b s 0 has been proved recently in 6 .0 0 1 1
In order to apply this basic existence theorem, we establish a priori
bounds for solutions and their derivatives in Section 3. The main results
are contained in Section 4, while enlightening examples are given in
Section 5.
2. AN EXISTENCE THEOREM
The basic existence result is given in the following theorem 2.2, which
reduces the problem of the existence of solutions for boundary value
problems to the establishment of suitable a priori bounds for such solu-
tions, by using the following lemma which is referred to as ``the
w xLeray]Schauder alternative'' 1, p. 61 .
LEMMA 2.1. Let C be a con¨ex subset of a normed linear space X and
assume 0 g C. Let F: C ª C be a completely continuous operator; i.e., it is
continuous, and the image of any bounded set is included in a compact set,
and let
 4E F s x g C : x s lFx for some 0 - l - 1 . .
 .Then either E F is unbounded or F has a fixed point.
 n.Before stating our main theorem we give some notations. By C I, R
we denote the linear space of continuous functions x: I ª R n, where I is
an interval in R, with norm
5 5 < <x s sup x t .I
tgI
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1 n. nand by C I, R the linear space of functions x: I ª R which have a
continuous derivative on I.
 .Also, by G t, s we denote the Green's function with respect to the BVP
w xx0 t s 0, t g 0, T , .
a x 0 y a x9 0 s 0 .  .0 1
b x T q b x9 T s 0, .  .0 1
which is given by
1 b t y b T y b a s q a , 0 O s O t O T , .  .0 0 1 0 1G t , s s .  a t q a b s y b T y b , 0 O t O s O T .l  .  .0 1 0 0 1
w x n nTHEOREM 2.2. Let f : 0, T = C = R ª R be a continuous function.r
Assume that there exists a constant K such that
5 5 5 5x O K , x9 O Kwyr , T x w0, T x
 .  .  .for e¨ery solution x of the BVP E - BC , where E stands for the equationl
w xx0 t s l f t , x , x9 t , t g 0, T , E .  .  . . lt
 .  .  .and l g 0, 1 . Then the BVP E - BC has at least one solution.
Proof. We proceed in two steps:
 .  .  .i First we consider the BVP E - BC , i.e., the case where a / 00
and, moreover, we suppose that
w 0 s 0. .
We set X for the space
1 w x n w xX s x g C 0, T , R : x is twice differentiable on 0, T , 4 .
endowed with the norm
5 5 5 5 5 5x s max x , x9 . 41 w0, T x w0, T x
Then, the set
C s x g X : a x 0 y a x9 0 s 0 4 .  .0 1
is a subspace of X.
Now we consider an operator F: C ª X by the formula
1T w xFx t s G t , s f s, x , x9 s ds q a q a t A , t g 0, T , .  .  .  . .H s 1 0l0
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where
¡x s q q , q P ys .
~ 1x q s 2.1 .  .s a x9 0 q w s q q , q - ys. .  .1¢a0
 .Obviously, F C : C. We shall prove that F is a completely continuous
operator.
Indeed, let B be a bounded subset of C. Then, there exists b P 0 such
5 5  5 5 5 5 .that x O b, x g B i.e., x O b and x9 O b, x g B . More-1 w0, T x w0, T x
w xover, for any t , t in 0, T and x g B we have1 2
1r2n
2 ’< < < <x t y x t s x t y x t O b n t y t . .  .  .  . .1 2 i 1 i 2 1 2
is1
Thus it is obvious that B is an equicontinuous set as a subset of the
1w x .space C 0, T , R with the usual sup-norm.
ÃNow, we consider the subset B of the space C defined byr
Ã w xB s x : x g B , t g 0, T , 4t
 .where x is defined by the relation 2.1 and we shall prove that theret
exists a compact subset D of C such thatr
ÃB : D.
ÃIn order to show that, it suffices to prove that the set B is uniformly
bounded and equicontinuous.
w xFor any x g B and t g 0, T we have
Ã< < < <sup x q s sup x t q q O b , .  .t
w x w xqg yr , 0 qg yr , 0
where
< <a1Ã 5 5b s max b , b q w .wyr , 0x 5< <a0
Ãand, hence, B is uniformly bounded.
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w x w xMoreover, for any x g B, t g 0, T , and q , q in yr, 0 we have1 2
< <x q y x q .  .t 1 t 2
< <x t q q y x t q q , if t q q P 0, t q q P 0 .  .¡ 1 2 1 2
1
w t q q q a x9 0 y x t q q , if t q q - 0, t q q P 0w x . .  .1 1 2 1 2a0~ 1s
w t q q y w t q q , if t q q - 0, t q q - 0w x .  .1 2 1 2a0
1
x t q q y w t q q q a x9 0 , if t q q ) 0, t q q O 0.w x . .  .1 2 1 1 2¢ a0
We consider now an arbitrary « ) 0. Then, if t q q P 0 and t q q P 0,1 2
 .by the equicontinuity of B, there exists d s d « such that for every
w x w xx g B, t g 0, T , and q , q in yr, 0 we have1 2
< < < <x q y x q s x t q q y x t q q O « , .  .  .  .t 1 t 2 1 2
< <  .provided q y q - d « .1 2
If t q q - 0 and t q q P 0, we have1 2
1
w t q q q a x9 0 y x t q q .  .  .1 1 2a0
1
< <O w t q q y w 0 q x t q q y x 0 . .  .  .  .1 2a0
w xBut, by the uniform continuity of the function w on yr, 0 , the equiconti-
 .nuity of the set B, and for the given « ) 0, there exist d 9 « ) 0 and
 .d 0 « ) 0 so that
< < < <w s y w s - «a r2, provided s y s - d 9 « , .  .  .1 2 0 1 2
and
< < < <x s y x s - «r2, provided s y s - d 0 « . .  .  .1 2 1 2
Ã< <   .  .4Hence, if q y q - min d 9 « , d 0 « s d , then1 2
Ã< < < < < <t q q y t y q - d « t q q y 0 - d 9 « , t q q y 0 - d 0 « , .  .1 2 1 2
and so
1 « «
< <w t q q y w 0 q x t q q y x 0 - q s « . .  .  .  .1 2a 2 20
BOUNDARY VALUE PROBLEMS 219
The case where t q q P 0 and t q q - 0 is similar. Also, the last case,1 2
where t q q - 0 and t q q - 0, is obvious because of the uniform1 2
w x  .continuity of w on yr, 0 . Therefore, for every « ) 0 there exist d s d «
so that
< < < <x q y x q - « , provided q y q - d « .  .  .t 1 t 2 1 2
w xfor every x g B and t g 0, T , which proves the equicontinuity of the
Ãset B.
So, there exists a compact subset D of C such thatr
ÃB : D.
 4Now we consider a bounded sequence x in C. Then, as is known, forn
w x  4every t g 0, T the sequence x is bounded in C and, moreover, theretn r
exists a compact subset D in C such that x g D for every n andr tn
w x  4t g 0, T . Thus, if d is the bound of x , it is obvious that the setn
w x  .   .V s 0, T = D = B 0, d B 0, d is the closed ball with center 0 and
n. w x nradius d in R is compact in 0, T = C = R . We setr
< <u s max f t , u , ¨ : t , u , ¨ g V 4 .  .
and
T T
< < < <G t , s ds O K , G t , s ds O K , .  .H H1 t 2
0 0
Ã  4K s max u K , u K .1 2
Then we easily derive
Ã Ã5 5 5 5Fx O K , Fx 9 O K . .w0 , T x w0, T xn n
 4  . 4Next we shall prove that the sequences Fx , Fx 9 are equicontinu-n n
w xous. Indeed, for any t , t in 0, T and for an arbitrary n we have1 2
t2 Ã< < < <Fx t y Fx t s Fx 9 s ds O K t y t .  .  .  .Hn 1 n 2 n 1 2
t1
t2< < < <Fx 9 t y Fx 9 t s Lx 0 s ds O u t y t . .  .  .  .  .  .Hn 1 n 2 n 1 2
t1
 . Finally, we observe that by hypothesis the set E F s x g C : x g lFx
4for some 0 - l - 1 is bounded. Hence, by Lemma 2.1 the operator F has
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a fixed point x g C. Then it is clear that the function
w x¡x t , t g 0, T , .
~ 1z t s . w xw t q a x9 0 , t g yr , 0 , .  .1¢a0
 .  .is a solution of the BVP E - BC .
 .If w 0 / 0, by the transformation
w 0 .
y s x y ,
a0
$
 .  .  .  .the BVP E - BC reduces to the following BVP E - BC ,Ãf
w 0 . Ã w xy0 t s f t , y q , y9 t ' f t , y , y9 t , t g 0, T , E .  .  . .  .Ãt t f /a0
a y y a y9 0 s w y w 0 ' w .  . Ã0 0 1
b $0
b y T q b y9 T s A q w 0 , BC .  .  .  .0 1 a0
 .where, obviously, w 0 s 0.Ã
 .  .  .ii Now, we consider the BVP E - BC , i.e., the case where a s 0.0 0
In this case we consider the space
w x n 1 w x nX s C yr , T , R l C 0, T , R .  .0
endowed with the norm
5 5 5 5 5 5x * s max x , x9 , x g X , 4wyr , T x w0, T x
and the subspace C of X with0 0
<w x w xC s u g X : u is twice differentiable on 0, T and u yr , 0 s u 0 . 4 .0 0
We define also an operator F : C ª C , by0 0 0
T¡
G t , s f s, x , x9 s ds .  . .H s
0~ 1F x t s .0 w xq b w T y t q b w q a A , t g 0, T , . .0 1 1l¢ w xF x 0 , t g yr , 0 . .0
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w xSince for every x g C and t g 0, T , we have0
x t q q , q P yt .
x q s .t  x 0 , q - yt , .
 .it is obvious that, if B is a bounded set in C , then, as in step i , we can0
Ã  w x4prove that the sets B and B s x : x g B, t g 0, T are uniformlyt
bounded and equicontinuous. Thus, following exactly the same arguments
 .as in step i , we prove that F is completely continuous operator. Hence,0
 .  .if x g C is a fixed point of F , then x is a solution of the BVP E - BC .0 0 0
Thus the theorem has completely proved.
3. A PRIORI ESTIMATES
<  . <In this section we will establish a priori bounds for max x t andt gwyr , T x
<  . <max x9 t , where x is supposed to be a solution of the BVPt gw0, T x
 .  . w xE - BC , l g 0, 1 .l
 :In what follows by the symbol ? , ? we denote the Euclidean inner
product on R n.
LEMMA 3.1. Suppose that the function f satisfies the following condition
 .  .H There exists a constant M ) 0 such that for e¨ery t, u, ¨ g1
w x n <  . <   . :0, T = C = R with u 0 ) M and u 0 , ¨ s 0 impliesr
 :u 0 , f t , u , ¨ ) 0. .  .
 .  .  .  .Then e¨ery solution x of the BVP E - BC or E - BC with w s 0,l l 0
w xl g 0, 1 , satisfies
2 Ã< < 5 5max x t O M ' w q M , . wyr , 0x0 0aw xtg yr , T 0
where
¡ 1 1
< < < <max M , w 0 , A if a , b / 0 . 0 0 5a b0 0
1~Ã < <max M , A , if a s 0M s 00  5b0
1
< <max M , w 0 , if b s 0 . 0 5¢ a0
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 x  .  .Proof. Assume that l g 0, 1 . Let x be a solution of E - BC and
1 1 2 : < < w xr t s x t , x t s x t , t g 0, T . .  .  .  .2 2
 .Suppose that the function r takes its maximum value at a point j g 0, T .
Then we have
 :r 9 j s x j , x9 j s 0 .  .  .
and
 : < < 20 P r 0 j s l x j , f j , x , x9 j q x9 j , .  .  .  . .j
or
 :x 0 , x9 j s 0 3.1 .  .  .j
and
 : < < 20 P r 0 j s l x 0 , f j , x , x9 j q x9 j . 3.2 .  .  .  .  . .j j
 .  .  . <  . <Since l ) 0, conditions 3.1 , 3.2 , and H imply x j O M. Namely,1
w x  .if the function x N 0, T takes its maximum value at a point j g 0, T ,
<  . <then x j O M.
w xNow we suppose that x N 0, T takes its maximum value at the point 0.
Then from the first boundary condition we have
 :0Pa r 9 0 s x 0 , a x9 0 .  .  .1 1
 :s x 0 , a x 0 y w 0 .  .  .0
< < 2  :s a x 0 y x 0 , w 0 .  .  .0
< < 2 < < < <P a x 0 y x 0 w 0 .  .  .0
< < < < < <s x 0 a x 0 y w 0 . 4 .  .  .0
Hence,
< < < <a x 0 y w 0 O 0 .  .0
and, consequently, if a ) 00
1
< < < <x 0 O w 0 . .  .
a0
 .If a s 0, we have ya x9 0 s w and w s 0 by hypothesis. Hence0 1
 . <  . <  .  .  .r 9 0 s 0. If x 0 ) M, by 3.2 and H we obtain r 9 t ) 0 for t ) 01
 .and near zero, which contradicts the maximality of r 0 . We conclude that
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<  . < w xx 0 O M. Consequently, if x N 0, T takes its maximum at 0, then
1
< < < <x 0 O max M , w 0 . .  . 5a0
w xAssume now that the function x N 0, T takes its maximum value at the
point T. Then, by using the same arguments as above and the remark that
 .0 O b r 9 T , we have1
< <x T O M , if b s 0 . 0
and
1
< < < <x T O A , if b ) 0. . 0b0
Therefore,
1
< < < <x T O max M , A , .  5b0
 .and thus the lemma is proved, if 0 - l O 1. The case l s 0 in E isl
simple and gives the same bounds as in the case l / 0.
Summarizing the above we have that, if x takes its maximum value at a
w xpoint j g 0, T , then
¡ 1 1
< < < <max M , w 0 , A , if a , b / 0, . 0 0 5a b0 0
1~Ã < << < max M , A , if a s 0,max x t O M s . 00  5bw xtg 0, T 0
1
< <max M , w 0 , if b s 0. . 0 5¢ a0
Next we shall prove that x is bounded on C . Let x be a solution of the0 r
 .  . w xBVP E - BC , l g 0, 1 . From the first boundary condition we have, ifl
a ) 0,1
1 Ã< < < <x9 0 O w 0 q a M .  . .0 0a1
1 Ã5 5O w q a M , .wyr , 0x 0 0a1
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and, consequently,
1
5 5 5 5 < <x O w q a x9 0 .wyr , 0x wyr , 0x 1a0
2 Ã5 5O w q M .wyr , 0x 0a0
Ã5 5The above inequality also holds if a s 0. If a s 0, then x O M ,wyr , 0x1 0 0
 .since x s x 0 . Thus, if we put0
2 Ã5 5M s w q M ,wyr , 0x0 0a0
then
5 5x O M ,wyr , T x 0
completing the proof of the lemma.
<  . <Next we establish a priori bounds for max x9 t , given an a priorit gw0, T x
<  . <bound for max x t .t gwyr , T x
LEMMA 3.2. Assume that there exists a constant M , such that0
< <max x t O M . 0
w xtg yr , T
 .  . w xfor e¨ery solution x of the BVP E - BC , l g 0, 1 . Also, suppose thatl
w x n nthe continuous function f : 0, T = C = R ª R satisfies the followingr
conditions:
 .   .  .: < < 2H u 0 , f t, u, ¨ O k ¨ q k2 1 2
 . <  .:  X < < 2 X . < <H ¨ , f t, u, ¨ O k ¨ q k ¨3 1 2
 . w x n 5 5 X Xfor any t, u, ¨ g 0, T = C = R with u O M , where k , k , k , kwyr , 0xr 0 1 2 1 2
are positi¨ e constants such that
1 2Xk - 1, k - 1 y k . .1 1 18 M0
Then, there exists a constant M independent of l, such that1
< <max x9 t O M . 1
w xtg 0, T
 .  .for e¨ery solution x of the BVP E - BC .l
The proof of this lemma is omitted since it is based on a lemma of Fabry
w x2, p. 133 with obvious modifications.
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LEMMA 3.3. Assume that there exists a constant M such that0
< <max x t O M . 0
w xtg yr , T
 .  . w xfor e¨ery solution x of the BVP E - BC , l g 0, 1 . Also, suppose thatl
w x n na ) 0 and the continuous function f : 0, T = C = R ª R satisfies the1 r
following condition:
 .H There exists a continuous function q such that4
< < < < nw xf t , u , ¨ O q t V ¨ , t , u , ¨ g 0, T = B = R , .  .  .  . M0
where V is a nondecreasing and continuous real-¨ alued function defined on
w .  .0, ` and positi¨ e on 0, ` :
` ds 1T
< <q s ds - , c s w 0 q a M , .  .H H 0 0V s a .0 c 1
and B is the closed ball in C with center 0 and radius M .M r 00
Then there exists a constant M , independent of l, such that1
< <max x9 t O M . 1
w xtg 0, T
 .  .for e¨ery solution x of the BVP E - BC .l
 .  . w xProof. Let x be a solution of the BVP E - BC , l g 0, 1 . Then, sincel
a ) 0, the first boundary condition gives1
1
< < < <x9 0 O w 0 q a M ' c. .  . .0 0a1
<  . <From the Cauchy]Schwarz inequality, if x9 t / 0, we have
< : <x9 t , x0 t .  .
< < < <x9 t 9 s O x0 t . .  .
< <x9 t .
<  . <Obviously, this inequality remains true if x9 t s 0.
 .  .Also, from E and H we havel 4
< < < < < < w xx9 t 9 O x0 t O q t V x9 t for every t g 0, T .  .  .  . .
and so
t
< < < < < <x9 t O x9 0 q q s V x9 s ds .  .  .  . .H
0
t
< < w xO c q q s V x9 s ds, t g 0, T . .  . .H
0
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 .Denoting by u t the right-hand side of the above inequality, we have
< < w xx9 t O u t , t g 0, T , u 0 s c, .  .  .
and
< < w xu9 t s q t V x9 t O q t V u t , t g 0, T . .  .  .  .  . .  .
Then
u9 t . w xO q t , t g 0, T , .
V u t . .
or
`ds ds . Tu t w xO q s ds - , t g 0, T . .H H H
V s V s .  . .u 0 0 c
 .This inequality implies that there is a constant M such that u t O M1 1
and, hence,
< <max x9 t O M . . 1
w xtg 0, T
The proof of the lemma is now complete.
4. THE MAIN RESULTS
 .  .The existence of solutions of BVP E - BC will be established by
applying the existence result of Theorem 2.2, because Lemmas 3.1 and 3.2
or 3.3 imply that there exist constants M and M , respectively, such that0 1
<  . < <  . <max x t O M and max x9 t O M . Therefore, there existst gwyr , T x 0 t gw0, T x 1
 4a constant K s max M , M , independent of l, such that0 1
5 5 5 5x O K , x9 O Kwyr , T x w0, T x
 .  . w xfor every solution x of the BVP E - BC , l g 0, 1 .
w x n nTHEOREM 4.1. Let f : 0, T = C = R ª R be a continuous functionr
 .  .  .  .  .  .  .satisfying H , H , and H . Then the BVPs E - BC and E - BC with1 2 3 0
w s 0 ha¨e at least one solution.
w x n nTHEOREM 4.2. Let f : 0, T = C = R ª R be a continuous functionr
 .  .  .  .satisfying H and H . Then, the BVPs E - BC with a ) 0 and1 4 1
 .  .E - BC with w s 0 ha¨e at least one solution.0
Finally, we state the following corollary indicating the relation between
 .  .  .the hypotheses H and H , H .4 2 3
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w x n nCOROLLARY 4.3. Suppose that f : 0, T = C = R ª R is continuousr
 .and satisfies the assumption H . Let also1
< < < <w xsup f t , u , ¨ : t , u g 0, T = B O V ¨ , 4.1 .  .  .  . 4M M0 0
 5 5 4where M is the constant of Lemma 3.1 and B s u g C : u O M .wyr , 0x0 M r 00
Then the following are ¨alid:
 .  .i If the hypothesis H is satisfied with q s 1 and V in place of V,4 M0
 .  .  .  .then the BVPs E - BC with a ) 0 and E - BC with w s 0 ha¨e at least1 0
one solution.
’ .  x wii If there exist real constants k , k with k g 0, 5 y 2 6 j 5 q1 2 1’ .2 6 , q` , k ) 0, and such that2
< < < < 2 nM V ¨ O k ¨ q k , ¨ g R , 4.2 .  .0 M 1 20
 .  .  .  .then the BVPs E - BC with a ) 0 and E - BC with w s 0 ha¨e at least1 0
one solution.
 .Proof. i This case is obvious.
 .  .  .  .ii In view of 4.1 and 4.2 the hypothesis H obviously is satisfied.2
X X  .Moreover, for k s k rM and k s k rM , H is fulfilled because1 1 0 2 2 0 3
 .of 4.2 .
5. EXAMPLES
In this section, we present some examples to illustrate how the results in
previous sections may be used to yield the existence of solutions of specific
boundary value problems.
EXAMPLE 5.1. Consider the functional differential equation
< < w xx0 t s g t x t F x q h t x9 t x9 t , t g 0, 1 , 5.1 .  .  .  .  .  .  .  .t
w xwhere g : 0, 1 ª R is a continuous and positive function, F: C ª R isr
continuous, positive, and maps bounded sets into bounded sets, and
w x <  . <h: 0, 1 ª R is a continuous function with max h t - 1.t gw0, 1x
Consider also the following boundary conditions:
x y x9 0 s w , .0
5.2 .
x 1 q x9 1 s A. .  .
 .  .We notice that Eqs. 5.1 and 5.2 describe a special case of the BVP
 .  .E - BC , where here
< <f t , u , ¨ s g t u 0 F u q h t ¨ ¨ , .  .  .  .  .
T s 1, a s a s b s b s 1.0 1 0 1
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Consequently, in order to prove the existence of a solution for this
 .  .  .problem, it suffices to prove that the conditions H , H , and H of1 2 3
 .the Theorem 4.1 are satisfied. In fact, we can easily verify that H holds1
1for every M ) 0. For example, for M s and w and A such that2
1 15 5 < <w O , A Owyr , 0x 4 2
we have M O 1. Then,0
 : 2 < <u 0 , f t , u , ¨ s g t F u u 0 q h t u 0 ¨ ¨ .  .  .  .  .  .  .
< < 2 < < 2O g d q h ¨ s k ¨ q k ,0 0 1 2
<  . <  .where k s h s max h t , k s g d, g s max g t , and d is1 0 t gw0, 1x 2 0 0 t gw0, 1x
 .a bound of F. This means that H holds.2
Finally, since
< : < < < < < < < < < 3¨ , f t , u , ¨ O g t u 0 ¨ F u q h t ¨ .  .  .  .  .
< < 3 < < X < < 2 X < <O h ¨ q g d ¨ s k ¨ q k ¨ .0 0 1 2
X X  .with k s h , k s g d, we have that H also holds. The condition1 0 2 0 3
X 12 . .k - 1r8 M 1 y k is satisfied, for example, if h s . Hence, Theo-1 0 1 0 10
 .  .rem 4.1 yields the existence of a solution to the BVP 5.1 ] 5.2 .
Remark 5.2. Suppose that a , a , b , b are given. Then if w and A0 1 0 1
 .  .are chosen sufficiently small, the BVP 5.1 ] 5.2 has at least one solution
 .with the assumption F 0 s 0, instead of the assumption that F maps
1bounded sets into bounded sets. Indeed, this happens for M s if2
5 5 < <w O R , A O R ,wyr , 0x
 4where R s min a r4, b r2 .0 0
 .EXAMPLE 5.3. Consider now the equation, instead of 5.1 ,
w xx0 t s g t x t F x q h t x9 t , t g 0, 1 . 5.1 9 .  .  .  .  .  .  .t
 .Obviously H holds. Moreover, we have1
< < < <f t , u , ¨ O g t F u q h t ¨ .  .  .  .
< <O g d q h ¨ ;0 0
 .  .  .i.e., H holds with V t s h t q g d, t P 0, and q t s 1, t P 0. In order4 0 0
 .  .to have a solution for the BVP 5.1 9] 5.2 it is enough to check that
` ds
1 - .H h s q g dc 0 0
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But this is obvious, since
` ds
s q`.H h s q g dc 0 0
Remark 5.4. In Example 5.1 we proved the existence of solutions of
 .  .BVP 5.1 ] 5.2 by applying Theorem 4.1. It is interesting to remark that,
in this example, Theorem 4.2 also can be applied. In this case we can take
V t s k t 2 q k , t P 0, . 1 2
and in order to apply Lemma 3.3 we must check that
` ds
1 - .H 2k s q kc 1 2
It is easily seen that this is true, provided
p
0 - c - k rk tan y k k .’ ’2 1 1 2 /2
It is a remarkable fact that Theorem 4.1 can also be applied in the case
of Example 5.3. In order to see this it is enough to check the hypotheses
 .  .H and H for the function2 3
< <f t , u , ¨ s g t u 0 F u q h t ¨ . .  .  .  .  .
We have
 : < < < <u 0 , f t , u , ¨ O g d q h ¨ s k ¨ q k . .  . 0 0 1 2
< < < < < < 2 < <Now, if ¨ P 1 then we have k ¨ q k O k ¨ q k . If ¨ - 1, then for1 2 1 2
every N P 0 we have1
< < < < < < 2 < < 2k ¨ q k s k ¨ q k q N ¨ y N ¨1 2 1 2 1 1
< < 2O k q k q N ¨ .1 2 1
 .Hence, H is satisfied in any case.2
 .By a similar argument we can prove that H is also satisfied.3
EXAMPLE 5.5. Consider here the equation
x 9 t . w xx0 t s g t sgn x t F x e , t g 0, 1 , 5.3 .  .  .  .  . . t
 .with the boundary conditions 5.2 of Example 5.1. The functions g and F
are considered as in Example 5.1. For the above equation we have
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 .  .  ..  . ¨f t, u, ¨ s g t sgn u 0 F u e and, hence, it is obvious that the hypothe-
1 .sis H is satisfied for M s . Moreover, as in Example 5.1, we have1 2
 .  < <.M O 1 and it is obvious that the hypothesis H is satisfied with V ¨ s0 4
e <¨ < and q s g d, since0
< < <¨ < w xf t , u , ¨ O g de , t , u , ¨ g 0, 1 = C = R. .  .0 r
 .  .Therefore by Theorem 4.2 the BVP 5.3 ] 5.2 has at least one solution.
We notice that Theorem 4.1 cannot be applied. This is so because the
 .hypothesis H does not hold. This is obvious since there are no such2
k , k real constants in order to have1 2
 : < < ¨ < < 2u 0 , f t , u , ¨ s g t u 0 F u e O k ¨ q k .  .  .  .  . 1 2
1 . w x <  . <for every t, u, ¨ g 0, 1 = C = R with u 0 O .r 4
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